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maps of closed surfaces. This let us to re-formulate our results as a statement on properties
of elements of ﬁnite order in the group of outer automorphisms of the fundamental group
of a surface with non-positive Euler characteristic.
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1. Introduction
Given a self map f of a compact manifold M . The Nielsen periodic point theory provides two homotopy invariants
NPn( f ) and NFn( f ), introduced by B. Jiang, and called now the prime and full Nielsen–Jiang periodic numbers, respectively.
They give lower bounds for the number of periodic point with least period equal to n, and correspondingly for the number
of ﬁxed points of n-iteration of f . A natural question is whether these lower bound is sharp, i.e. whether one can ﬁnd
a map g homotopic to f with exact NPn( f ) periodic points of least period n, respectively or a map g : M → M whose
n-iterate gn has exactly NFn( f ) ﬁxed points. For dimM  3 a general result, called the Wecken theorem for periodic points,
was obtained by Jezierski in [8,9]. An answer to this question is negative for maps of surfaces in general (see [12]). For
the sphere and projective plane the positive answer is obvious, for the torus is well known [23,24]. Recently, the positive
answer is conﬁrmed when M is the Klein bottle (see [10]). Here we show that for any closed surface, the Wecken theorem
for periodic points holds if we consider special maps namely periodic homeomorphisms.
Periodic homeomorphisms are considered in many aspects, such as [15] and [22]. In the scope of Nielsen ﬁxed point the-
ory, the speciality of periodic homeomorphisms was noticed by S. Kwasik and K.B. Lee, who showed that Lefschetz number
and Nielsen number are the same up to sign for homotopically periodic maps on infra-nilmanifolds (see [19]). C.K. McCord
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main idea in this direction is to seek some relations amongst Nielsen type numbers and Lefschetz number, because the
latter is computable more effectively. The periodic homeomorphisms on closed surfaces with negative Euler characteris-
tics were considered by Hart and Keppelmann in [5]. They showed that the Nielsen–Jiang numbers NPn( f ), NFn( f ) can be
derived from its Lefschetz numbers L( f k), k n.
In this paper, we show that an adaption of their argument still works for all closed surfaces. Our main result is the
Wecken theorem for periodic homeomorphisms of arbitrary closed surface (Theorem 4.3) and computation of the Jiang–
Nielsen periodic numbers for such a homeomorphism (Lemma 3.3). The homotopy invariance of Nielsen–Jiang numbers
enable us to extend this theorem to the case of homotopically periodic maps (Theorem 5.4). Furthermore, by the same
argument, for surfaces surface with non-positive Euler characteristic our result can be stated as theorem on periodic points
of any map inducing an outer automorphism of the fundamental group of ﬁnite order (Theorem 5.5).
Hence, we complete Nielsen periodic point theory for periodic homeomorphisms, and homotopically periodic self-maps,
of closed surfaces.
2. Periodic point classes and their orbits
Here, we give a brief review of Nielsen theory for periodic points. The details can be found in [6,7], or [11].
Let φ : G → G be an endomorphism of group G . Two elements g1 and g2 in G are said to be φ-conjugate if there is
an element h in G such that g2 = φ(h)g1h−1. The set of φ-conjugacy classes (or say Reidemeister classes of φ) is written
as R(φ). More general, elements in R(φn) are written in the form [g](n) , where g ∈ G . The given endomorphism φ acts
naturally on R(φn) by taking φ([g](n)) = [φ(g)](n) . For any k|n, the boost function ιk,n : R(φk) → R(φn) is given by
ιk,n
([g](k))= [φ( nk −1)k(g) · · ·φ2k(g)φk(g)g](n).
Let f : X → X be a map. Given a base point x0 and a base path w from x0 to f (x0). We have a homomorphism
fw : π1(X, x0) → π1(X, x0) deﬁned by fw(〈c〉) = 〈wf (c)w−1〉. Let x be a periodic point of period n, i.e. a ﬁxed point of f n .
Pick a path c from the base point x0 to x. The corresponding f nw -conjugacy class is [〈wf (w) · · · f n−1(w) f n(c)c−1〉](n) , which
is independent of the choice of path c.
Two periodic points x′ and x′′ of f with period n are said to be in the same periodic point class if they correspond to the
same element in R( f nw). This is equivalent to say that x′ and x′′ are in the same ﬁxed point class of f n . It should be noted
that periodic point classes, as well as ﬁxed point classes, are understood in the sense of fw -conjugacy classes. Thus, the set
R( f nw) is in one-to-one correspondence with the set of periodic point classes of f with period n for any n. Consequently,
periodic point classes corresponding to different element in R( f nw) are regarded as different even if they are empty sets.
If the underlined space X is a compact polyhedron, each periodic point class has a well-deﬁned ﬁxed point index of f .
A periodic point class is said to be essential if it has a non-zero index.
The boosting functions gives a natural inclusion of Fix( f k) into Fix( f n) for any k|n. A periodic point class of period n
is said to be reducible if it lies in the image of some ιk,n with k|n and k < n. The depth of a periodic point class [α](n)
of period n is the minimal m such that [α](n) ∈ Im ιm,n . The homomorphism fw induces an action on the set of periodic
point class, given by [α] → [ fw(α)]. The corresponding fw -orbits are said to be periodic point class orbits. The periodic
point classes in the same orbit have the same ﬁxed point indices, the same reducibilities and the same depth, etc. Let S be
a subset of periodic point class orbits, not necessarily having the same periods. The height h(S) of S is deﬁned to be the
sum of depths of all elements in S . Another subset S ′ of periodic point class orbits is said to be a representation of S ,
denoted S ′  S , if for each element s in S , there is an element s′ ∈ S ′ such that ιm,n(s′) = s where m and n are respectively
the periods of s′ and s with m|n. The Nielsen–Jiang numbers for periodic points are deﬁned as
NPn( f ) = h
({essential and irreducible periodic point class orbits of period n})
= n × #{essential and irreducible periodic point class orbits of period n},
NFn( f ) = min
{
h(S)
∣∣∣ S ⋃
m|n
{essential periodic point class orbits of periodm}
}
.
The two numbers turn out to be the classical Nielsen number if n = 1, i.e. NP1( f ) = NF1( f ) = N( f ) for any self map f .
We make following notation:
• #A: the cardinality of set A, i.e. the number of elements in A if A is ﬁnite set;
• Fix( f ): the set of ﬁxed point of map f ;
• Pn( f ): the set of periodic point of map f with least period equal to n, i.e. Pn( f ) = Fix( f n) −⋃k<n Fix( f k);• 〈 f 〉: the cyclic subgroup of order m of the group of homeomorphisms generated by a periodic homeomorphism f or
order m;
• 〈c〉: the element in π1(X, x0) determined by the loop c at x0;
• [α](n): the fw -conjugacy class determined by an element α ∈ π1(X, x0) when base path w from x0 to f (x0) is chosen.
W. Marzantowicz, X. Zhao / Topology and its Applications 156 (2009) 2527–2536 25293. Nielsen–Jiang numbers for periodic points
In this section, we shall give a complete description of the Nielsen–Jiang numbers NPn( f ) and NFn( f ) for periodic points
if f is a periodic homeomorphism on closed surface. It extends the main result of [5].
The following lemma presents standard forms of periodic homeomorphisms on compact surfaces with negative Euler
characteristics.
Lemma 3.1. ([14, Lemma 1.1, Corollary 1.3]) Let F be a ﬁxed point class of a periodic homeomorphism f on a connected compact
surface M with negative Euler characteristics. Then one of the following holds.
(1) F is M itself and ind( f ,F) = χ(M);
(2) F is a circle with a neighborhood diffeomorphic to S1 × (−1,1) where f acts as reﬂection (z, t) → (z,−t), and ind( f ,F) = 0;
(3) F is an arc having end point at ∂M with a neighborhood diffeomorphic to I × (−1,1) where f acts as reﬂection (s, t) → (s,−t),
ind( f , F ) = 1;
(4) F is a point with a neighborhood diffeomorphic to the open disc {z ∈ C | |z| < 1} where f acts as a non-trivial rotation, and
ind( f ,F) = 1.
Corollary 3.2. Let f be a periodic homeomorphism on a connected closed surface M with negative Euler characteristics. Then L( f ) =
N( f ) is equal to the number of isolated ﬁxed point of f if the order of f is greater than 1.
In general, a computation of Nielsen–Jiang numbers is very diﬃcult. But, in the case of periodic homeomorphisms on
surfaces, these numbers can be expressed in terms of cardinalities of sets of periodic points and the Lefschetz numbers of
iterations.
Lemma 3.3. Let f be a periodic homeomorphism of order m on a connected closed surface M with negative Euler characteristic.
(I) If
⋃
k<m Fix( f
k) = ∅, then
NPn( f ) =
{
m if n =m,
0 otherwise,
NFn( f ) =
{
m if m|n,
0 otherwise.
(II) If
⋃
k<m Fix( f
k) 
= ∅ consists of disjoint union of circles, then
NPn( f ) = 0, NFn( f ) =
{ m
2 if
m
2 |n,
0 otherwise.
(III) If
⋃
k<m Fix( f
k) 
= ∅ contains some isolated points, then
NPn( f ) =
{∑
k|n μ(nk )L( f
k) if n|m, n 
=m,
0 otherwise,
NFn( f ) =
⎧⎨
⎩
∑
k<m NPk( f ) if m|n,∑
k|q NPk( f ) if q|m, q 
= 0,
0 otherwise,
where q is the remainder from dividing n by m, and μ is the Möbius function.
Proof. Most of the conclusions were proved already in [5]. The arguments for non-orientable surface are the same. We
found one case which was not ﬁnished: NF m
2
( f ) = m2 when
⋃
k<m Fix( f
k) consists of a disjoint union of circles. The unique
non-empty ﬁxed point class of f m is essential, and is reduced to all non-empty ﬁxed point classes of f
m
2 . In this situation,
f k has no ﬁxed point for any k|m and k < m2 . In order to get NF m2 ( f ) = m2 , we need to show that the non-empty ﬁxed point
class of f m is not reduced, as a Reidemeister class, to a Reidemeister class of f k with k < m2 . Here, we ﬁll this gap by using
the argument in the proof of [5, Theorem 1.1].
Since
⋃
k<m Fix( f
k) consists of a disjoint union of circles, we can take a ﬁxed point x0 of f
m
2 as the base point,
a path w from x0 to f (x0). By deﬁnition, the non-empty ﬁxed point class of f m is labelled by [〈wf (w) · · · f m−1(w)〉](m) .
If this ﬁxed point class is reduced to a class of f n , there is an element 〈a〉 in π1(M, x0) such that ιn,m([〈a〉])(n) =
[〈wf (w) · · · f m−1(w)〉](m) , where a is a loop at x0. Note that the f nw -conjugacy class [〈wf (w) · · · f m−1(w)〉](m) contains
only one element. We have that
f
(mn −1)n
w
(〈a〉) · · · f 2nw (〈a〉) f nw(〈a〉)〈a〉 = 〈wf (w) · · · f m−1(w)〉. (3.1)
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M
f−−−−→ M
p
⏐⏐ ⏐⏐p
M/〈 f 〉 id−−−−→ M/〈 f 〉
induces the follow commutative diagram
π1(M, x0)
fw−−−−→ π1(M, x0)
pπ
⏐⏐ ⏐⏐pπ
π1
(
M/〈 f 〉, p(x0)
) τν−−−−→ π1(M/〈 f 〉, p(x0)),
where τν : π1(M/〈 f 〉, p(x0)) → π1(M/〈 f 〉, p(x0)) is the inner automorphism determined by ν = 〈p(w)〉. Consider the pπ -
image of the equality (3.1), we obtain
τ
(mn −1)n
ν
(〈
p(a)
〉)
. . . τ 2nν
(〈
p(a)
〉)
τnν
(〈
p(a)
〉)〈
p(a)
〉= 〈p(w)〉m.
It follows that (ν−n〈p(a)〉)mn = 1 ∈ π1(M/〈 f 〉, p(x0)). Since M/〈 f 〉 is a surface with boundary, its fundamental group
π1(M/〈 f 〉, p(x0)) is a free group, and hence has no non-trivial element of ﬁnite order. Thus, ν−n〈p(a)〉 = 1 ∈
π1(M/〈 f 〉, p(x0)). In other word, p(a)˙(p(w))n in M/〈 f 〉. Note that the quotient map p is a composition of the following
M
p′−→ M/〈 f m2 〉 p′′−→ (M/〈 f m2 〉)/〈 f 2〉= M/〈 f 〉.
Since f 2k , as well as its induced map on M/〈 f m2 〉, has no ﬁxed points for any k, the map p′′ is a m2 -sheet covering. Clearly,
p′(a) and p′(wf (w) · · · f n−1(w)) are respectively the liftings of p(a) and (p(w))n with respect to the covering p′′ . By the
uniqueness of lifting, the lifting of an end-point ﬁxed homotopy from p(a) to (p(w))n is also an end-point ﬁxed homotopy
from p′(a) to p′(wf (w) · · · f n−1(w)). Since a is loop, p′(a) is a loop, and therefore p′(wf (w) · · · f n−1(w)) must be a loop.
By deﬁnition of M/〈 f m2 〉, either x0 = f n(x0) or f m2 (x0) = f n(x0). This forces m2 |n. This means that the non-empty ﬁxed
point class of f m cannot be reduced to any ﬁxed point class of n with n <m and n 
= m2 . 
It should be noticed that the three cases in this lemma are disjoint pairwisely. The type (III) happens if and only if
L( f k) 
= 0 for some integer k less than the order m of f . In this case, all Nielsen–Jiang numbers can be obtained easily by
using Lefchetz numbers of iterations of f .
The type (I) or (II) will happen if L( f k) = 0 for all k with k|m and k 
= m. In [5] the corresponding cases were named
as irreducible minLef, and reducible minLef respectively. The both cases may occur (see [5, Examples 2, 3]), but one cannot
distinguish then by using Lefchetz numbers only.
The closed surfaces with non-negative Euler characteristic are the two sphere S2, the real projective plane RP2, the
torus T 2 and the Klein bottle K. The expressions for NPn( f ) and NFn( f ) for maps on the torus were given in [6,7].
A complete computation for maps on the Klein bottle can be found in [17]. The real projective plane has only one iso-
topy class of periodic homeomorphism, which is the class of identity. The two-sphere S2 has two isotopy classes of periodic
homeomorphisms: one is the class of the identity (which contains all orientation-preserving homeomorphisms), and clearly
NP1(idS2 ) = NF1(idS2 ) = 1, NPn(idS2 ) = NFn(idS2 ) = 0 for n > 1. The other is the class of the following:
Example 3.4. The antipodal map on S2.
Let f : S2 → S2 be the antipodal map. Then f is a periodic homeomorphism of order 2. Since S2 is simply-connected,
each f n has unique ﬁxed point class, and therefore each periodic point class of f with period n > 1 is reduced to the
periodic point class of period 1. Thus, NPn( f ) = 0 for n > 1. Because L( f ) = 0, we obtain NP1( f ) = N( f ) = 0. Moreover,
L( f n) = L( f ) = 0 for odd n and L( f n) = L( f 2) = 2 for even n, it follows that NFn( f ) = 1 if n is even; NFn( f ) = 0 if n is odd.
It should be noticed that the non-empty periodic point class of f with period 2 is reducible although f has no ﬁxed
point.
Remark 3.5. We would like to notify that if M is an oriented surface of negative Euler characteristic and f is preserving
orientation then there exists a holomorphic structure on M in which f is a conformal (bi-holomorphic) automorphism as
follows from the classical Hurwitz theorem [20, Theorem 9]. Then the formulas of Lemma 3.3 are consequences of a direct
computation (cf. [20]). Moreover, the order of such f is estimated from above by the order of the group of all conformal
automorphisms, which is less or equal to 84(g − 1), where g is the genus of M .
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In this section, we shall prove the Wecken theorem for periodic homeomorphisms on all closed surfaces. Our method is
based on an approach of [24] where the maps of torus were studied. It uses the equivariant vector ﬁeld argument developed
in [4] and [13].
For the convenience of readers, we repeat a result of Jiang:
Lemma 4.1. ([13, Theorem 1(B)]) Suppose that G is a ﬁnite group, M is a compact connected manifold, and G acts smoothly on M.
Let P ⊂ M be a G-invariant compact subset. A necessary an suﬃcient condition for P to be the singularities of a G-vector ﬁeld V is:
P intersects every ﬁxed point component C such that χ(C) 
= 0.
Moreover, V can be chosen that all its closed orbits are hyperbolic, hence it has at most a countable number of closed orbits.
The key lemma in this paper is the following.
Lemma 4.2. Let f be a periodic homeomorphism of order m on a compact smooth closed manifold. Let P be a ﬁnite set of M with
f (P ) = P . Suppose that each component C of Fix( f k) with χ(C) 
= 0 and k|m intersects P . Then for any positive integer n and positive
real number δ, there is a homeomorphism g such that
(1) f is isotopic smoothly to g,
(2) Pk(g) = P ∩ Pk( f ) for all k|n,
(3) d( f (x), g(x)) < δ for all x ∈ M.
Proof. Since each component C of Fix( f k) with χ(C) 
= 0 and k|m contains a point of P , by Lemma 4.1, there is a smooth
vector ﬁeld V on M which is invariant under f in the sense that V ( f (x)) = Dfx(V (x)) for all x, where Dfx is the derivative
of f at x such that the set S(V ) of singular points of V is P .
Let ΦV (x, t) be the ﬂow generated by the vector ﬁeld V . Since V is invariant under f , we have that ΦV ( f (x), t) =
f (ΦV (x, t)) for all x and t . Let us denote by gt(x) the homeomorphism g deﬁned by gt(x) = ΦV ( f (x), t). It follows that
gnt (x) = ΦV ( f n(x),nt) for all n. Especially, we have that gmt (x) = ΦV (x,mt) because f m is the identity.
Let us ﬁx an integer n. If x is a singular point of V , i.e. x ∈ P , then f n(x) ∈ P because f (P ) = P . Thus, gnt (x) = f n(x) for
all t . Notice that Fix(gnt ) =
⊔
k|n Pk(gt). In order to check that gt is a desired homeomorphism, it remains to show that for
any integer n, gnt has no ﬁxed point on M − P for some suﬃcient small t .
If x is not a singular point of V , then ΦV ( f n(x), t) 
= x for suﬃcient small positive real number t . For the given integer n,
by compactness of M we can ﬁnd a common t0 > 0 such that gnt (x) = ΦV ( f n(x),nt) 
= x for all t with 0 < t < t0 and
x ∈ M −⋃qj=1 B(y j, ), where B(y j, ) is a small open ball centered at y j , where P = {y1, y2, . . . , yq}.
Consider the points near P = {y1, y2, . . . , yq}. Suppose on the contrary that for any t with 0 < t < t0, there exists a zt
in
⋃
j=1 qB(y j, ) − P such that ΦV ( f n(zt),nt) = zt . Then the set {zt | 0 < t < t0} has limit points at P . Since P is discrete,
these limit points are ﬁxed points of f , and therefore each gives a closed orbit of ΦV (x, t). Note that P is a ﬁnite set. In
any neighborhood of such a limit point there uncountably many closed orbits. But, as it was pointed out in Lemma 4.1, the
number of closed orbit of ΦV (x, t) is at most countable by choosing V to be hyperbolic in advance. 
Our main result is the theorem as follows.
Theorem 4.3. Let f : M → M be a periodic homeomorphism on the closed surface M. Then for each n, there are homeomorphisms gP
and gF in the isotopy class of f such that #Pn(gP ) = NPn( f ), and #Fix(gnF ) = NFn( f ).
Proof. If f is the identity, i.e. has least period 1, by deﬁnition, we have that
NPn(id) =
{
1 if n = 1, χ(M) 
= 0,
0 otherwise,
NFn(id) =
{
1 if χ(M) 
= 0,
0 otherwise.
If χ(M) 
= 0, we can apply Lemma 4.2 to a singleton P = {x0}. The resulted homeomorphism g has only periodic point x0
which is the ﬁxed point of g . Thus, g realizes all NPn(id) and NFn(id) for all n.
If χ(M) is zero, then M is either the torus T 2 or the Klein bottle K . We can still use Lemma 4.2. But, there are more
concrete constructions. For the case of M = T 2 = {(eθ i, eϕi)}, we have a homeomorphism g : T 2 → T 2 given by g(eθ i, eϕi) =
(e(θ+1)i, eϕi). Clearly, g is isotopic to id, and has no periodic point of any period. Thus, g realizes all NPn(id) and NFn(id).
The case of M = K was treated in [18, Proposition 5.3] (see also [10]).
Let us consider more general case: periodic homeomorphisms of order m > 1.
If M = S2, the remained periodic homeomorphism is just the antipodal map. Let f : S2 → S2 be the anti-pole map given
by f (x, y, z) = (−x,−y,−z). Clearly, #Pn( f ) = NPn( f ) = 0 and #Fix( f n) = NFn( f ) = 0 if n is odd. That is, f itself realizes
NPn( f ) and NFn( f ) for odd n.
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(x, y, z, t) → (x, y, z)
(−1 0 0
0 − cosπt sinπt
0 − sinπt − cosπt
)
.
Consider S2 as the quotient space S1 × [−1,1]/ ∼, where (eθ1 i, s1) ∼ (eθ2 i, s2) if either t1 = t2 = 1, or t1 = t2 = −1 or
θ1 = θ2 = 0. The map H : S1 × [−1,1] × I → S1 × [−1,1], deﬁned by
H
(
eθ i, s, t
)= (e(θ+t sin2 θ2 cos π s2 )i,−s),
induces an isotopy on S2 = S1 × [−1,1]/ ∼ from a reﬂection to a homeomorphism, denoted by g , which has one ﬁxed
point, does not have any periodic point with least period great than 1. Thus, #Pn(g) = NPn( f ) = 0 for n > 1, and #Fix(gn) =
NFn( f ) = 0 for even n.
Note that the projective space RP2 has only one isotopy class of homeomorphism, which was described at the beginning
of the proof.
By using the notations in [18], we regard the Klein bottle as the quotient space R2/ ∼, where the equivalent ∼ is
generated by (x, y) ∼ (x, y + 1) and (x, y) ∼ (x + 12 ,−y). There are four isotopy classes of homeomorphisms, which are
represented respectively by: f(1,0,1) , f(1,1,1) , f(1,0,−1) and f(1,0,−1) , where f(1,0,1) is the identity, and the others are periodic
homeomorphisms of least period 2, deﬁned as follows
(x, y)
f˜(1,1,1)−→
(
x, y + 1
2
)
, (x, y)
f˜(1,0,−1)−→ (−x, y), (x, y) f˜(1,1,1)−→
(
−x, y + 1
2
)
.
An isotopy of f(1,1,1) is given by (x, y, t) → (x +
√
2t, y + 12 ). The ending homeomorphism has no periodic point of any
period, and hence realizes all NPn( f(1,1,1)) = NFn( f(1,1,1)) = 0 (see [18, Proposition 5.3]). There is an isotopy starting with
f(1,v,−1) , v = 0,1, deﬁned by
(x, y) →
(
−x+ δt sin4πx, y + δt cos2πx+ δt sin(4π y + π v)| sin2πx| + v
2
)
,
where δ is a small positive real number. The end of this isotopy is a homeomorphism, say g , without periodic points of
least period greater than 1, and but it has two ﬁxed points. Thus, #P1(g) = NP1( f(1,v,−1)) = 2, #Pn(g) = NPn( f(1,v,−1)) = 0
for n > 1, and #Fix(gn) = NFn( f(1,v,−1)) = 2, where v = 0,1.
The torus T 2 has R2 as its universal covering space. It is well known that each map on T 2 is homotopic to a unique map
on T whose lifting is a linear map. Moreover, if we are given a homeomorphism on T 2, the corresponding homotopy can
be replaced by an isotopy. Let f be a periodic homeomorphism of order m. Then we may assume that f has a linear lifting.
If L( f k) = 0, then N( f n) = 0 hence NPn( f ) = 0 for all k|n, and ﬁxed point set Fix( f k) is either empty, or a union of some
circles, or the whole torus. If L( f k) 
= 0, then NFk( f ) = N( f k) = |L( f k)| will be the number ﬁxed point of f k . Moreover, for
any n, let q be the remainder from dividing n by m, i.e. n ≡ q mod m with 0 q <m.
NPn( f ) =
{∑
k|n μ(nk )#Fix( f
k) if n|m, n 
=m, L( f n) 
= 0,
0 otherwise,
(4.1)
NFn( f ) =
{
#(
⋃
k|q,L( f k) 
=0 Fix( f k)) if q|m, q 
= 0,
0 otherwise.
(4.2)
Applying Lemma 4.2 to the ﬁnite set
⋃
k|m,L( f k)
=0 Fix( f k), we shall obtain a homeomorphism which realizes NPn( f ) and
NFn( f ) for all n (see [24, Lemma 5]).
Now we discuss periodic homeomorphisms of order m > 1 on the closed surfaces with negative Euler characteristics. We
use the classiﬁcation in Lemma 3.3, and consider following three cases.
(I)
⋃
k<m Fix( f
k) = ∅.
In this case, for f itself we have NPn( f ) = 0 for all n 
=m, and NFn( f ) = 0 for all n with m  n.
Take a periodic point orbit {y1, y2, . . . , ym} of f . By Lemma 4.2, we obtain a homeomorphism g isotopic f with exact
one periodic orbit, which is just {y1, y2, . . . , ym}. Thus, #Pm(g) = NPm( f ) = m, and #Fix(gn) = NFn( f ) = m for all n with
m|n.
(II)
⋃
k<m Fix( f
k) 
= ∅ consists of disjoint union of circles.
In this case, m is even, and the non-empty ﬁxed point set of f k occurs only on k = m2 with odd m2 (see [5, Theorem
1.3(2)]). There is a periodic point orbit {z1, z2, . . . , z m
2
} of f with length m2 . By Lemma 4.2, we obtain a homeomorphism g
isotopic f with exact one periodic orbit, which is just {z1, z2, . . . , z m
2
}. Thus, #Pm(g) = NPm( f ) = 0, and #Fix(gn) = NFn( f )
for all n.
Take a periodic point orbit {y1, y2, . . . , ym} of f . By Lemma 4.2, we obtain another homeomorphism g′ isotopic f with
exact one periodic orbit, which is just {y1, y2, . . . , ym}. Thus, #Pn(g′) = NPn( f ) = 0 for all n 
=m.
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⋃
k<m Fix( f
k) 
= ∅ contains some isolated points.
We apply Lemma 4.2 to the set of isolated ﬁxed points of f k with k|m and k 
= m. There is a homeomorphism g
isotopic f with Pk(g) = Pk( f ) for all k with k|m and k 
= m. Note that Pk( f ) = L( f k) is just the number of isolated ﬁxed
point of f k for all k with k|m and k 
=m. By Lemma 3.3, we have that #Pn(g) = NPn( f ), and #Fix(gn) = NFn( f ) for all n. 
From the proof of above theorem, one can see that except for the antipodal map on S2, homeomorphisms realizing
the Nielsen–Jiang numbers for periodic points can be arbitrarily closed to the original periodic homeomorphism. In the
scope of dynamical system theory, it is an interesting question to look for a homeomorphism realizing all NPn( f ) for given
homeomorphism f . Such a homeomorphisms are said to be minimal representative, see [1] for more details.
For a given self-map f : M → M we deﬁne a subset of natural numbers, called the set of homotopy minimal periods and
denoted by HPer( f ):
HPer( f ) =
⋂
g∼ f
{
n
∣∣ Pn(g) 
= ∅}
where the intersection ranges all maps g homotopic to f (see [11, Chapter VI] for more information about this notion). As
a direct consequence of Theorem 4.3 we have
Corollary 4.4. Let f be a periodic homeomorphism on a closed surface. Then
HPer( f ) = {n ∣∣ NPn( f ) 
= 0}.
5. Homotopically periodic maps
In this section we extend our results onto homotopically periodic maps of surfaces by showing that every homotopically
periodic self-map f of a surface has the same homotopy periodic points theory as a periodic homeomorphism of this
surface.
Deﬁnition 5.1. A self-map f : M → M is called homotopically periodic if there exists m 1 such that f m is homotopic to the
identity. The least such m is called the homotopical order of f .
Any periodic homeomorphism is a homotopically periodic, and homotopical order is not greater the its order, but can be
smaller in general. For each positive integer m, the rotation of angle 2πm on S
2 along the pole is a periodic homeomorphism
of order m, but it is in the isotopy class of the identity and hence has homotopical order 1. The same happens if we take
the rotation of angle 2πm along of each coordinate of T
2 = S1 × S1.
Moreover, for such an m let H(z, t) : S1 × I → S1 be an isotopy joining the rotation of angle 2πm on S1 with the identity,
e.g. H(z, t) = 2πtm . Using this homotopy we get a homeomorphism φ : D2 → D2, D2 = S1 × I/S1 × {0}, given as
φ(z, t) :=
{
H(z,−2t + 1) if 0 t  1/2,
H(z,2t − 1) if 1/2 t  1.
Note that φ is a homeomorphism of inﬁnite order but isotopic to the identity and φ|∂D2 = id. For any closed surface M we
consider D2 as a small disc D2 ⊂ M . Then we can extend φ to a homeomorphism φ˜ : M → M putting φ˜(x) = x for x /∈ D2.
φ˜ is isotopic to the identity and has inﬁnite order.
A homotopically periodic map is not necessarily a homeomorphism. For example, if we compose a m-periodic homoeo-
morphism f with a map φ : M → M shrinking a disc to a point, then we get a map φ f which is homotopic to f , thus
homotopically periodic but not a homeomorphism. Thus, a technical theorem [16, Theorem 2.4] stated there seems to be
false. It is said that every homotopically periodic map of such a surface is conjugated by a diffeomorphism to an isometry,
thus it is a homeomorphism.
The relation between homotopically periodic maps and periodic ones lies in the following.
Proposition 5.2. Any homotopically periodic map f on a closed surface of homotopical order m is homotopic to a periodic homeo-
morphism h of the order m, which is unique up to isotopy. Furthermore, if M has a negative Euler characteristic then the order of every
periodic homeomorphism homotopic to f is equal to m.
Proof. Let M be a closed surface M . If M is the two-sphere S2, then the homotopy class of a map is totally determined by
its degree. Suppose that we are given a homotopically periodic map f with homotopical order m. By deﬁnition, we have
that (deg( f ))m = 1. It follows that deg( f ) = ±1. Thus, any homotopically periodic map is homotopic to either the identity
or the antipodal map, having period 1 or 2, respectively. Remind that S2 is the universal covering of the projective plane.
Any map on the projective plane has two liftings on S2. A homotopically periodic map on projective plane has two liftings
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map on projective plane.
The fundamental group π = π1(T 2) of the torus is a free abelian group of rank two. Each map f on the torus induces
a homomorphism f# on Z⊕Z, which is determined by a 2×2 matrix A f with integer entries (see the proof of Theorem 4.3).
This gives rise to a one-to-one correspondence from the set of homotopy classes of maps to the set of 2× 2 matrices with
integer entries if a basis of the fundamental group of the torus is ﬁxed. A homotopically periodic map corresponds to a
periodic matrix A f of order m, and is therefore homotopic to a periodic homeomorphism. Clearly, the homotopical order
of f is the same as the minimal positive integer m so that Amf is the identity matrix. This fact gives the proof for the case
of torus.
The classiﬁcation theorem of maps on the Klein bottle (see [18, Theorem 3.4]) shows that any self-map of the Klein
bottle inducing an isomorphism on its fundamental group is homotopic to a homeomorphism. In fact any homotopy class of
self-maps of the Klein bottle has a representant given by a standard form induced by an aﬃne map of the universal cover
R ⊕ R (see [10, Section 2]). From this it follows that any homotopically periodic map of the Klein bottle is of homotopical
order 1 or 2 and is homotopic to one of the homeomorphisms listed in the proof of Theorem 4.3 of the minimal period
equal to 1 and 2, respectively. This proves the case when M is the Klein bottle.
Let M be a surface with negative Euler characteristic. Note that a homotopically periodic map f induces a periodic
element in [ fπ ] ∈ Out(π1(M)). The order of [ fπ ] is exactly the homotopical order of f . By Nielsen theorem the cyclic
group of order m generated by [ f#] is realized by a subgroup of Home(M) generated by a self-homeomorphism h of M , i.e.
[ f#] = [h#] (cf. [2, Theorem 3.46]). Clearly, h has order m.
The uniqueness of h up to isotopy is a direct application of Epstein theorem (see [3]), which states that two homeomor-
phisms on compact surface are isotopic if they are homotopic.
From Lemma 3.3, the order of a periodic homeomorphism f on a closed surface M with χ(M) < 0 is equal to min{n |
L( f n) < 0}. Since Lefschetz number is a homotopy invariant, it follows that two homotopic periodic homeomorphisms will
have the same order. This gives the proof of the last part. 
Since any Nielsen–Jiang number is a homotopy invariant, from Lemma 3.3, we obtain
Corollary 5.3. Let M be a closed surface with negative Euler characteristic. Then the Nielsen–Jiang numbers of any homotopically
period map f on M will have the form in Lemma 3.3.
By Proposition 5.2, Theorem 4.3 and Corollary 4.4, we obtain
Theorem 5.4. Let f be a homotopically periodic map on a closed surface M. Then
(1) for any n, f is homotopic to a homeomorphism gP with #Pn(gP ) = NPn( f );
(2) for any n, f is homotopic to a homeomorphism gF with #Fix(gnF ) = NFn( f );
(3) HPer( f ) = {n ∈ N | NPn( f ) 
= 0}.
Since all closed surface of non-positive Euler characteristic are K (π,1) spaces, the homotopy classes of their self-maps
correspond to the outer homomorphisms of the fundamental groups. As a consequence of Theorem 5.4 we get
Theorem 5.5. Let π = π1(M, x0) be the fundamental group of a closed surface of non-positive Euler characteristic and A ∈ Out(π)
an element of ﬁnite order m.
Then for every map f : M → M such that [ f#] = A the statements of Theorem 4.3, and Corollary 4.4 still hold. The statement of
Lemma 3.3 holds if M has negative Euler characteristic. In particular all the homotopy periodic points theory invariants L( f n), N( f n),
NFn( f ) and NPn( f ) can be derived from the automorphism Aab induced by A on the abelianization πab = π/[π,π ] of π .
Proof. With respect to Theorem 5.4 it is enough to show only the last part of statement. The case of torus was already
discussed in the proofs of Theorem 4.3 and Proposition 5.4, i.e. the homotopy class of f is determined by A. Then it is well
know that L( f n) = det(I − An), N( f n) = |L( f n)|, NFn( f ) = N( f n) and NPn( f ) is expressed by NFk( f ), k | n, by the Möbius
inverse formula (see [11] for more information). For the Klein bottle K there only four periodic automorphisms, of period 1
or 2 as follows from a description of general form of an automorphism of π = π1(K) (cf. [10]). Each such an automorphism
is induced by one of homeomorphisms listed in the proof of Theorem 4.3, and all the invariant in problem were derived
there.
Now we assume that M has negative Euler characteristic. Then, from Theorem 5.4(1) and Corollary 3.3, or directly from
Corollary 5.3, it follows that it is suﬃcient to show it for the Lefschetz numbers L( f n). But the Lefschetz number L( f ) is
completely determined by the trace of a 2g × 2g integral matrix, g the genus of M , of the homomorphism H1( f ) induced
by f on H1(M;Z). On the other hand H1( f ) = Aab is the automorphism of πab = π/[π,π ] induced by A, as follows from
the Hurewicz theorem. In the same way L( f n) is determined by Anab . 
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In this section, we illustrate the method of minimizing of periodic points of periodic homeomorphisms by some exam-
ples.
Let Y = {(x, y,0) ∈ R3 | (x + 1)2 + y2 = 1 or (x − 1)2 + y2 = 1}, and let X = {(x, y, z) ∈ R3 | d((x, y, z), Y ) = ε} be the
boundary of ε-neighborhood of Y in R3, and therefore X is a closed oriented surface of genus 2, i.e. the double torus. Take
v0 = (0,0, ε) as the base point of X .
Example 6.1. A map f : X → X is the restriction of a homeomorphism on R3 given by f (x, y, z) = (−x, y, z).
Then Fix( f ) = {(0, y, z) ∈ R3 | y2 + z2 = ε2}. By a small perturbation, we can make f ﬁxed point free. It follows that
NP1( f ) = N( f ) = 0.
Since f (v0) = v0, we can take the constant path w0 at v0 as the base path. Thus, the unique non-empty periodic
point class of f with period 2 has label [w0 f (w0)](2) = [1](2) . Clearly [1](2) = ι1,2([1](1)). It follows that the class [1](2) is
reducible, and therefore NP2( f ) = 0.
Consider a vector ﬁeld V on R3 given by
V (x, y, z) =
{
(−x2 y, x3 − x2,0) if x 0,
(x2 y,−x3 − x2,0) if x < 0.
In fact, this vector ﬁeld consists of two rotations (−y, x−1,0) and (y,−x−1,0) centered at x = 1, y = 0 and x = −1, y = 0,
respectively. The factor x2 ensures its smoothness near yz-plane. Write V¯ (x, y, z) for the projection on X . Then, the set of
singular point of V¯ is the circle {(0, y, z) | y2 + z2 = ε2}. Let ΦV¯ (x, y, z, t) be the ﬂow generated by V¯ . For any positive t ,
ΦV¯ ( f (x, y, z), t) = ΦV¯ (−x, y, z, t) gives us a homeomorphism which is isotopic to f , and does not have any periodic point
with least period greater than 1. Hence, ΦV¯ (−x, y, z, t) realizes NPn( f ) = 0 for n > 1.
Consider another vector ﬁeld W on R3 given by W (x, y, z) = (x3,−z, y). Write W¯ (x, y, z) for the projection
of W (x, y, z) on the tangent plane of (x, y, z) in X . The singular point of W¯ , as well as W , is {(−2 − ε,0,0),
(−2 + ε,0,0), (−ε,0,0), (ε,0,0), (2 − ε,0,0), (2 + ε,0,0)}. Let ΦW¯ (x, y, z, t) be the ﬂow generated by V¯ . For any posi-
tive t , ΦW¯ ( f (x, y, z), t) = ΦW¯ (−x, y, z, t) gives us a homeomorphism which is isotopic to f , and does not have any ﬁxed
point. Hence, ΦV¯ (−x, y, z, t) realizes NP1( f ) = 0. It also realizes NFn( f ) = 0 for odd n. Actually, the set of singular of W¯ is
just the periodic point set of all periods, which consists of three periodic point orbits of least period 2.
In order to realize NFn( f ) = 1 for all even n, we must construct an f -invariant vector ﬁeld with only one singular point,
which lies in the ﬁxed point set of f . It can be deﬁned as follows:
V δ(x, y, z) =
⎧⎪⎨
⎪⎩
(−x2 y, x3 − x2,0) if x δ,
(−x2 y, x3 − x2 − zλδ(x, y, z), yλδ(x, y, z)) if 0 x < δ,
(x2 y, −x3 + x2 − zλδ(x, y, z), yλδ(x, y, z)) if − δ  x < 0,
(x2 y,−x3 − x2,0) if x < −δ,
where λδ(x, y, z) = δ2(y2 + (z+ ε)2) cos( π2δ x5), and δ is a small positive number. The unique singular point is (0,0,−ε). We
omit the details.
Example 6.2. A map f : X → X is the restriction of a homeomorphism on R3 given by f (x, y, z) = (−x,−y, z), a 180-degree
rotation around z-axis.
Clearly, Fix( f ) = {(0,0,−ε), (0,0, ε)}, either of them has ﬁxed point index 1. Thus, NP1( f ) = N( f ) = 2. Since
Fix( f 2) = X , the unique non-empty ﬁxed point class of f 2 is reducible. Hence, NP2( f ) = 0, although N( f 2) = 1. In general,
we have that
NPn( f ) =
{
2 if n = 1,
0 otherwise,
NFn( f ) = 2.
Let V δ(x, y, z) be a vector ﬁeld on R3, deﬁned by
V δ(x, y, z) =
(−δy(x2 + y2),−δx(x2 + y2), δ),
where δ is small positive number. For each point (x, y, z) in X , the projection V¯ δ(x, y, z) of V δ(x, y, z) on the tangent
plane of (x, y, z) in X gives rise to a vector ﬁeld on X . Clearly, the set of singular points of the vector ﬁeld V¯ δ is just
the ﬁxed point set of f . Let Φ((x, y, z), t) be the ﬂow generated by the vector ﬁeld V¯ δ . For any t , Φt( f (x, y, z)) give us a
homeomorphism which is isotopic to f . Since V δ is invariant under the action f , i.e. V δ( f (x, y, z)) = Df (V δ(x, y, z)), we
have that f (Φ((x, y, z), t)) = Φ( f (x, y, z), t). Let gt : X → X be the homeomorphism given by gt(x, y, z) = Φ( f (x, y, z), t).
Then for any n, we have gnt (x, y, z) = Φ(((−1)nx, (−1)n y, z),nt). Since V¯ δ has no closed orbit, gnt (x, y, z) will not go back to
(x, y, z) for any positive integer n and positive t if (x, y, z) 
= (0,0,±ε). Thus, for any positive t , we have #Pn(gt) = NPn( f )
and #Fix(gnt ) = NFn( f ) for all n.
Meanwhile, we obtain that HPer( f ) = {1}.
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